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Introduction
Motivated by the fact that abstract retarded functional differential equations (abbreviated, ARFDEs where the operator acting on delay term is unbounded have been studied in some works. For equations on Hilbert spaces, we refer to [] and the references therein.
Moreover, ARFDEs on general Banach spaces where the operator acting on the delay term is unbounded have been studied in a few works. For information of the reader, we refer to [-] . These studies are aimed at regular solutions of partial differential equations.
Moreover, the study of more general solutions of ARFDEs where the operator acting on delay term is unbounded has been addressed in recent work. Stability aspects and differences schemes for approximate solutions have been treated in [-].
In particular, the problem of existence of almost periodic and asymptotically almost periodic solutions has been considered by several authors. We refer the reader to the book [] and to the papers [-] and the references listed therein for recent information on this subject. Our objective is to establish existence of almost periodic mild solutions for a class of linear ARFDE of first order.
Throughout this work, we denote by X a complex Banach space endowed with a norm · . Henceforth, we represent by A the infinitesimal generator of a strongly continuous semigroup of bounded linear operators T(t) on X, and C stands for the space of continuous functions C( [-r, ] ; X), r > , provided with the norm of uniform convergence. We will be concerned with the existence of almost periodic solutions to the Cauchy problem x (t) = Ax(t) + L(x t ) + f (t), t ∈ R, (.) where x(t) ∈ X, the function x t : [-r, ] → X, which denotes the segment of x(·) at t, is given by x t (θ ) = x(t + θ ), L : C → X is a bounded linear map, and f : R → X is an appropriate function. The usual condition for studying the existence of almost periodic solutions for this problem is that the semigroup T(·) is compact. For example, the problem of existence of almost automorphic solutions has been studied recently by Ezzinbi and N'Guérékata [] using this condition. Our aim in this paper is to establish the existence of almost periodic solutions for a class of equations in which the semigroup T(·) is not compact. As a model we consider the wave equation with delay We only mention here a few concepts and results directly related with our development. Let G(t) be a strongly continuous semigroup defined on a Banach space X with infinitesimal generator D. We say that G is strongly stable if G(t)x → , t → ∞, for all x ∈ X and we say that G is uniformly stable if G(t) → , t → ∞. Moreover, we employ the terminology and notations for spectral bound s(D), growth bound ω  (G) and essential growth bound
, where the symbol · ess denotes the essential norm of an operator. Consequently, in terms of these notations, G is uniformly stable if, and only if, ω  (G) < .
For completeness we also mention here that a strongly continuous semigroup G(t) is said to be compact if G(t) is a compact operator for all t >  and that G is said to be quasicompact if there is t  >  and a compact operator R such that G(t  ) -R < . We collect in the following lemma a pair of fundamental results [, Corollary IV.., Proposition V..] for our further development.
Lemma . The following conditions are fulfilled.
(i) The semigroup G is quasi-compact if and only if ω ess (G) < .
Throughout this work we denote by L(X) the Banach algebra of bounded linear operators defined on X and by X * the dual space of X. For a linear operator A with domain D(A) and range R(A) in X, we represent by σ (A) (resp. σ p (A), ρ(A)) the spectrum (respectively point spectrum, resolvent set) of A.
This paper is organized as follows. In Section  we have collected some technical results about spectral properties of ARFDE, most of which are included in [, , ], in Section  we apply these properties to study the existence of almost periodic solutions of ARFDE, and in Section  we have included some applications of our results.
Preliminaries
Throughout the rest of this paper A : D(A) → X is the infinitesimal generator of a semigroup of bounded linear operators T(t) on X and L : C → X is a bounded linear map defined by
where 
We only mention here that (.) with the initial condition
has a unique mild solution x = x(·, σ , ϕ, f ). This means that x : [σ -r, ∞) → X is a continuous function that verifies (.) and the restriction of x(·) on [σ , ∞) satisfies the integral equation
In particular, if x(·, ϕ) denotes the mild solution of the homogeneous problem
is a strongly continuous semigroup of bounded linear operators on C (see [] ). We will represent by A V its infinitesimal generator. Moreover, it is well known that V satisfies the following translation property.
Lemma . Under the preceding conditions,
We denote by W (t) the solution operator corresponding to L = . It is clear that W (t) is given by
The system (.) is said to be (asymptotically) stable if the semigroup V (t) is uniformly stable. Consequently, it follows from Lemma . that the study of the asymptotic stability of the system (.) is reduced to the study of spectral properties of the solution semigroup V (t). We are in a position to establish the first result about asymptotic behavior of the solution semigroup.
Theorem . Assume that the semigroup T(t) is uniformly stable and that the operator T(t)L : C → X is compact for all t > . Then the semigroup V (t) is quasi-compact.
Proof We define the operator U(t) : C → C for t ≥  by
It is clear from (.) that
which implies that U(t) is a bounded linear operator. Moreover, from [, Theorem ] we can assert that U(t) is a compact operator. On the other hand, there exist constants M ≥  and α >  such that T(t) ≤ Me -αt for all t ≥ . Hence, for t ≥ r we have
which implies that W (t) is uniformly stable.
There are many interesting situations in which the semigroup T(t) is not compact but the operator T(t)L : C → X is compact for t > . Next we mention a pair of general cases:
is a map continuous for the norm of operators and N(θ ) is a compact operator for each -r ≤ θ ≤ . As a matter of fact, this property is verified under more general conditions in N . In Section  we present some concrete examples.
(ii) A more general situation is the following. Assume that there exists a topological decomposition of X = X  ⊕ X  , where X i are invariant spaces under T(t), and X  has finite dimension. Let P  be the projection on X  with kernel X  . If T(t)P  L is compact, then the product T(t)L is also compact.
Combining Theorem . with Theorem V.. in [] we can establish the following property of asymptotic behavior for the solution semigroup associated to the homogeneous problem (.)-(.).
Corollary . Assume that the semigroup T(t) is uniformly stable and that the operator T(t)L : C → X is compact for all t > . Then the semigroup V (t) is uniformly stable if and only if sup Re
To study the σ p (A V ), the following spectral property is well known (see for example [] and the references cited therein). We include it here for completeness. For λ ∈ C, let L λ : X → X and (λ) : D(A) → X be the linear operators defined by
In this case the function ϕ = e λθ u is the eigenvector of A V corresponding to λ.
We return to the nonhomogeneous equation (.). It is clear that this equation can be considered as an equation with infinite delay. In fact, we can extend the map N to (-∞, ] by defining N(θ ) =  for θ < -r. Besides, we can consider a uniform fading memory space
, defines a bounded linear map from B into X. This property allows us to apply the theory developed in [] to represent the mild solution of (.). It has been proved by Hino et al. [] that the solution can be expressed by means of the variation of constants formula. Next we adopt the notations used in this paper. Let n : X → B be defined by
If f is a continuous function, the formula [, Theorem .]
gives the mild solution of (.)-(.) in the phase space. Moreover, applying [, Proposition .] we can establish the following property.
Remark . Assume that semigroup V (t) is quasi-compact. In this case the set = {λ ∈ σ (A V ) : Re(λ) ≥ } is finite and consists of poles of R(·, A V ) with finite algebraic multiplicity [, Theorem V..]. Therefore, the space C is decomposed as
where P and Q are spaces invariant under V (t) and the space P is the range of the spectral projection P corresponding to . Consequently, P consists of the generalized eigenvectors corresponding to the eigenvalues λ i ∈ . Specifically, if = {λ  , λ  , . . . , λ m }, then
for certain k i ∈ N. We denote by V P (t) (respectively, V Q (t)) the restriction of V (t) on P (respectively, on Q 
On the other hand, in this work we employ the concept of almost periodic function in the sense of Bohr. This means that a function f : R → X is almost periodic if it is continuous and for every ε >  there is a relatively dense set P ε in R such that
for all t ∈ R and τ ∈ P ε . For the properties of almost periodic functions we refer the reader to [, ]. We denote by AP(X) the space consisting of the functions x : R → X which are almost periodic.
To complete this section, we establishes formally the following concept.
Definition . A continuous function x : R → X is said to be a mild solution of (.) if for each σ ∈ R the restriction x : [σ , ∞) → X is a mild solution of (.) with initial condition x σ at t = σ .
Existence of almost periodic solutions
In this section we turn our attention to the existence of almost periodic solutions of (.). Throughout this section we assume that A and L satisfy the general conditions considered in Section  and that f : R → X is a continuous function. If the semigroup V is quasi-compact, we can apply the properties and notations introduced in Remark . in relation with the homogeneous equation (.). In particular, we set = {λ ∈ σ p (A V ) : Re(λ) ≥ }. A direct application of [, Theorem .] gives the following property.
Proposition . Assume that the semigroup T is uniformly stable and that the operator T(t)L is compact for t > . If x : R → X is a mild solution of (.) on R, then z(t) = , x t is a solution of the differential equation
z (t) = Gz(t) + x * , f (t) , t ∈ R. (  .  )
Conversely, if f is a bounded function on R and z(·) is a solution of (.)
, then the function x : R → X given by
is a mild solution of (.).
Now we are in a position to establish the main result of this work.
Theorem . Assume that the semigroup T is uniformly stable and that the operator T(t)L is compact for t > . Let f : R → X be an almost periodic function. If (.) has a bounded mild solution on R + , then it has an almost periodic mild solution.
Proof Let x(·) be the mild solution of (.) given by (.). Since z(t) satisfies (.) and σ p (G) ⊆ {λ ∈ C : Re(λ) ≥ }, then z(·) is bounded on R. It follows from [, Theorem .] that z(·) is an almost periodic function. On the other hand, if we denote
and
Let ε >  and let P ε be a relatively dense set in R for which the estimate (.) is fulfilled. Using that V Q (t) is a uniformly stable semigroup, there exist constants M  ≥  and α >  such that V Q (t) ≤ M  e -αt for t ≥ . Since n ≤ , from the preceding expression it follows that
for some constant M  ≥ . Since this estimate is independent of n, we also obtain
which shows that the function Y (·) is almost periodic. We complete the proof by combining these assertions with the expression (.).
The condition that the semigroup T is uniformly stable is somewhat demanding. However, we can apply the well established mathematical control theory to relax this condition. Specifically, it is well known that there are many important non-delayed distributed control systems modeled by the equation
where B : C m → X is a linear map, which are stabilizable. We refer to [-] for a discussion about this subject. These results motivate the following concept.
Definition . The semigroup T is said to be stabilizable if there exists a compact linear operator K : X → X such that the semigroup generated by A + K is uniformly stable. Proof It follows from our hypotheses that there exists a compact linear operator K : X → X such that the semigroup T(t) generated by A = A + K is uniformly stable. Equation (.) can be written
Corollary . Assume that semigroup T(·) is stabilizable and the operator T(t)L is com-
where the operator L : C → X is given by
Moreover,
T(t) L(ϕ) = T(t)L(ϕ) -T(t)Kϕ(). (.)
Since K is a compact operator, we can assert that the operator defined by the second term on the right hand side of (.) defines a compact operator. Similarly, it is well known [] that
T(t -s)KT(s)x ds
and, arguing as in the proof of Theorem ., we see that T(t)L is a compact operator. Consequently, T(t) L is a compact operator, and we can affirm that (.) satisfies the hypotheses of Theorem ..
Combining this result with the stabilizability criteria established in [-], we can present some results for the existence of almost periodic solutions of equation (.) in terms of the controllability of the system (.). The system (.) is said to be approximately controllable in finite time if for every x  ∈ X and ε >  there exist t  >  and a control func- 
Corollary . Assume that X is a Hilbert space and T(t) is a contraction semigroup such that T(t  ) is compact for some t  > . Let f : R → X be an almost periodic function. Assume further that the following conditions are fulfilled:
(a) The system (.) is approximately controllable in finite time.
Then (.) has an almost periodic mild solution.
Proof It follows from [, Theorem ..] that the semigroup S(t) generated by A -BB * is strongly stable. Since
we see that S(t  ) is compact. Using now [, Theorem ..] we find that S(t) is uniformly stable. Therefore, the semigroup T(t) is stabilizable, and the assertion is a consequence of Corollary ..
Applications
We initially consider systems governed by a partial differential equation of first order. This type of equations describe interesting phenomena such as transport models [] or population models with age distribution []. Here we consider a simplified system with delay described by the equation
for ξ ∈ R, t ≥ , and -r ≤ θ ≤ , where α, r >  and g,f , ϕ are functions that satisfy appropriate conditions that will be specified later. It is well known [, Example ..] that the initial value problem
can be modeled as an abstract Cauchy problem in the space X = L  (R). For this reason, in what follows we will assume that h ∈ X, f : R → X given by f (t) =f (t, ·) is a bounded continuous function, and that ϕ ∈ C([-r, ], X), where as usual we have identified ϕ(θ )(ξ ) = ϕ(θ , ξ ). Let A be the operator
The operator A is the infinitesimal generator of a strongly continuous group T(t) on X given by
Consequently, using the notation x(t) = w(t, ·), the problem (.)-(.) is reduced to the abstract Cauchy problem
Furthermore, the semigroup T(t), t ≥ , is uniformly stable, and the operator T(t) is not compact because T(t) has bounded inverse T(-t).
We will assume further that g : R  → R is continuous and
Lemma . Under the above conditions, the linear operator N : X → X given by
Proof For each n ∈ N, we define N n : X → X by
and N n z(ξ ) =  for |ξ | > n. It follows from [, Proposition ..] that N n is a compact operator. Next we prove that N n → N as n → ∞ for the norm of operators. In fact, for z ∈ X we have
The above estimate shows that
by Lebesgue's dominated convergence theorem. This implies the assertion.
This result also holds for some functions g discontinuous (the interested reader can
. By Lemma . we see that L is a compact linear map. With this construction, the original system (.)-(.) is represented by the abstract system
and as a consequence of Theorem . we get the following property.
Corollary . Under the preceding conditions, if f is almost periodic and (.)-(.) has a bounded mild solution on R
+ , then it has an almost periodic solution.
As a second application, we apply our results to study the existence of almost periodic solutions of the wave equation with delay. To establish a general result, we consider an abstract version of the wave equation.
Let H be a real Hilbert space. Following [, Example .] we consider the abstract wave equation
where x(t) ∈ H, β >  and A is a positive self adjoint operator with domain D(A) such that
for some constant k > . Introducing the Hilbert space H = D(A / ) × H with inner product
we can write (.) as the first order system
where
generates a strongly continuous group G(t) on H. Consequently, G(t) is not compact. We assume also that μ ∈ ρ(-A) and R(μ, -A) ≤ C |μ| for Re(μ) > . Hence, for every λ ∈ C with Re(λ) >  we have λ ∈ ρ(A),
and (λI -A) - ≤ C, where C >  is a generic constant. Thus, under the above conditions, it follows from [, Theorem V..] that G(t) is uniformly stable. We consider now the inhomogeneous wave equation
Using the previous transformation, we can reduce (.) to the first order equation
where f (t) =  f (t) . Finally we consider the wave equation with delay
where L  : C([-r, ], H) → H is a bounded linear operator. Using the previous transformation, we can reduce (.) to the first order equation with delay
The following property is a direct consequence of Theorem ..
Corollary . Under the above conditions, let f : R → H be an almost periodic function.
Assume that L  is a compact operator, and that (.) has a bounded mild solution on R + .
Then (.) has an almost periodic mild solution.
Proof It is clear that L is a compact operator so that G(t)L is also compact for all t > .
To complete this application, next we will present a pair (ii) Let H be a separable Hilbert space with orthonormal basis {z n : n ∈ N}. Let η n : [-r, ] → C for n ∈ N be a function with bounded variation V [η n ]. We assume that It is not difficult to verify that L  is a compact linear operator. Finally, we present an application in which the original semigroup is not uniformly stable. A large number of concrete systems can be formulated in the following abstract form. Let H be a separable Hilbert space with orthonormal basis {z n : n ∈ N}. Let (λ n ) n be a sequence of complex numbers such that sup n∈N Re(λ n ) < ∞. 
T(t)z =
∞ n= e λ n t z, z n z n , z ∈ H, which generally is not compact and is not uniformly stable. Let β > . We decompose N = I ∪ J, where I = {n ∈ N : Re(λ n ) > -β} and J = N \ I. We assume that λ n →  as n → ∞, n ∈ I. We define the operator K : H → H by Kz = n∈I λ n z, z n z n . It is easy to verify that K is a compact linear operator. Moreover, the semigroup S(t) generated by A -K is given by S(t)z = n∈J e λ n t z, z n z n , z ∈ H, and S(t)z ≤ e -βt z for t ≥ , which shows that S(t) is uniformly stable. Hence, we can apply Corollary . to conclude that under the preceding conditions if the operator T(t)L is compact for t > , f : R → H is an almost periodic function, and (.) has a bounded mild solution on R + , then it has an almost periodic mild solution.
Conclusion
In this work we have studied the existence of almost periodic solutions of ARFDEs where the operator acting on the delay term is bounded. Somewhat superficially, our results are able to reduce the existence of almost periodic solutions of the inhomogeneous equation to the possibility to control or stabilize the system without delay.
